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Abstract
$\mathrm{Q}$-algebra sum formula
sum formula
3
1sum formula 3
index $\mathrm{k}=(k_{1}, k_{2}, \ldots, k_{n})(k:\in \mathrm{Z}, k_{i}>0)$ I $k=k_{1}+k_{2}+\cdots+k_{n}$
$weight_{\text{ }}n$ $depth_{\text{ }}s=\#\{i|k_{i}>1\}$ height index $\mathrm{k}=(k_{1}, k_{2}, \ldots, k_{n})$
$k_{n}\geq 2$ admissible 4 $\mathrm{a}$ $S(k, n)$ weight $k$ , depth $n$
index $S_{0}(k, n, s)$ admissible index
$I(k, n, s)$ weight $k$ , depth $n$ , height $s$ index $I_{0}(k, n, s)$
admissible index
admissible index $\mathrm{k}=(k_{1}, k_{2}, \ldots, k_{n})\in I_{0}(k, n, s)$ t
$\zeta(\mathrm{k})$
$\zeta(\mathrm{k})=\zeta(k_{1}, k_{2}, \ldots, k_{n})=\sum_{0<m_{1}<m_{2}<\cdots<m_{\mathfrak{n}}}\frac{1}{m_{1}^{k_{1}}m_{2}^{k_{2}}\cdots m_{n}^{k_{n}}}.\cdot$
sum formula
Theorem 1sum formula $[1],[8])0<n<k$ $k,$ $n$
$\sum_{\mathrm{k}\in S_{0}(k,n)}\zeta(\mathrm{k})=\zeta(k)$
.
3 sum formula 1990 sum con-
jecture Granville Zagier
, $.\mathrm{w}$eight depth
sum formula duality formula
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2 admissible index $\mathrm{k}\in\ovalbox{\tt\small REJECT}(k, n, s)$ $\mathrm{k}’ \mathrm{E}I_{0}(k, k-n, s)$ [ dual
$a_{1},$ $b,,$ $a_{2},$ $[searrow],$ $\ldots,$ $a_{8},$
$b_{8}\ovalbox{\tt\small REJECT} 1$
$\mathrm{k}=$
$\mathrm{k}’=(1, \ldots, 1a_{s}arrow’+1,1, \ldots, 1a_{\epsilon-1}\sim’+1, \ldots,1, \ldots, 1a_{1}\sim’+1)$
$b_{s}-1$ $b_{s-1}-1$ $b_{1}-1$
duality formula
Theorem 2(duality formula (cf.[7])) admissible index $\mathrm{k}$ dual
$\mathrm{k}’$
$\zeta(\mathrm{k}’)=\zeta(\mathrm{k})$ .
duality formula sum formula sum formula
sum formula 3
1.1 1
sum formula duality formula, Hoffman’s relation 3
, , Zagier
Hoffman harmonic algebra derivation relation (cf.[9])
, ([6])
Theorem 3 admissible index $\mathrm{k}=(k_{1}, k_{2}, \ldots, k_{n})$ $l\geq 0$ [
$Z(\mathrm{k};l)$
$Z( \mathrm{k};l)=\sum_{\forall \mathrm{c}_{j}\geq 0}\zeta$
( $k_{1}+c_{1},$ $k_{2}+c_{2},$ $\ldots,$$k_{n}+\mathrm{c}_{1}+\mathrm{c}+\cdots u=l$ ),
$\mathrm{k}’$ $\mathrm{k}$ dual inda
$Z(\mathrm{k}’;l)=Z(\mathrm{k};l)$ .
sum formula $\mathrm{k}=(n+1),$ $\mathrm{k}’=(1,1, \ldots, 1,2)$ ,
$l=k-n-1$ [4], [10] Zagier sum fomula
sum formula
36
1.2 2
Hoffman cydic sum formula
$n$ $k$ $0<n\leq k$ $S(k, n)$
$n$ ( ) $\sigma=(k_{1}, k_{2}, \ldots, k_{n})$
$j=1,2,$ $\ldots,$ $n$ } $(k_{1}, k_{2}, \ldots, k_{n})\equiv(\sigma^{j}(k_{1}), \sigma^{j}(k_{2}),$ $\ldots,$ $\sigma^{j}(k_{n}))$
$(k, n)$ $S(k, n)$
dual class $0<n<k$ $\alpha\in\Pi(k, n)$
$\alpha$ admissible indices dual
$\beta\in\Pi(k, k-n)$ $\alpha\in\Pi(k, n)$ admissible dual $\beta$ $\alpha$
dual class {
cyclic sum formula
Theorem 4 $0<n<k,$ $\alpha\in\Pi(k, n)$ dual $\beta\in\Pi(k, k-n)$ [
,
$, \sum_{(k_{1\cdots\prime}k_{n})\in\alpha}\zeta(k_{1}, \ldots, k_{n-1}, k_{n}+1)=,\sum_{(h_{1\cdots\prime}h_{k-n})\in\beta}\zeta(h_{1}, \ldots, h_{k-n-1}, h_{k-n}+1)$
.
cyclic sum formula duality
Hoffman duality
sum formula $\alpha$ $(k, n)$
weight $k+1$ , depth
$n$ $\beta$ $(k, k-n)$
weight $k+1$ , depth $k-n$
duality formula weight $k+1$
depth depth 1 Rimeann
sum formula
1 Hoff-
man harmonic algebra $\mathrm{A}\mathrm{a}$ cyclic sum for-
mula harmonic algebra cyclic derivation ([3], [9])
[3], [11] sum formula
Theorem 4 Theorem 3
1.3 3
Zagier
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$G_{0}(k, n, s)$
$G_{0}(k, n, s)= \sum_{\mathrm{k}\in I_{0}(k,n,s)}\zeta(\mathrm{k})$
[ $I_{0}(k, n, s)$ $k,$ $n,$ $s$ $s\geq 1,$ $n\geq s,$ $k\geq n+s$
$G_{0}(k, n, s)$
$\Phi_{0}(x,y, z)=\sum_{k,n,s}G_{0}(k, n, s)x^{k-n-s}y^{n-s}z^{s-1}$
$\in \mathrm{R}[[x, y, z]]$ .
sum formula 3
Theorem 5 $\Phi_{0}(x, y, z)$
$\Phi_{0}(x, y, z)=\frac{1}{xy-z}(1-\exp(\sum_{n=2}^{\infty}\frac{\zeta(n)}{n}S_{n}(x,y, z)))$ .
$S_{n}(x, y, z)\in \mathrm{Z}[x, y, z]$
$S_{n}(x, y, z)=x^{n}+y^{n}-\alpha^{n}-\beta^{n}$ , $\alpha,$ $\beta=\frac{x+y\pm\sqrt{(x+y)^{2}-4z}}{2}$
$\log(1-\frac{xy-z}{(1-x)(1-y)})=\sum_{n=2}^{\infty}\frac{S_{n}(x,y,z)}{n}$
$G_{0}(k, n, s)$ Riemann $\zeta(2),$ $\zeta(3)$ ,
$\ldots$
Riemann
sum formula $z=xy$
$G_{0}(k, n)=\Sigma_{s}G_{0}(k, n, s)$
$\Phi_{0}(x, y, xy)=\sum_{k>n>0}G_{0}(k, n)x^{k-n-1}y^{n-1}$
1 $-(xy-z) \Phi_{0}(x, y, z)=\prod_{m=1}^{\infty}(1-\frac{xy-z}{(m-x)(m-y)})$ ,
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$zarrow xy$ [
$\Phi_{0}(x, y, xy)=\sum_{m=2}^{\infty}\frac{1}{(m-x)(m-y)}=\sum_{k>n>0}\zeta(k)x^{k-n-1}y^{n-1}$ ,
$G_{0}(k, n)=\zeta(k)$ sum formula
Theorem 5 sum formula
Le-Murakami
$s=1$
$\mathrm{P}^{1}-\{0,1, \infty\}$
$s$
2Theorem 5
Proof $\zeta(\mathrm{k})$
$L_{\mathrm{k}}(t)=L_{k_{1\prime}k_{2,\ldots\prime}k_{n}}$ =0<ml<m\Sigma 2<...<m $\frac{t^{m_{n}}}{m_{1}^{k_{1}}m_{2}^{k_{2}}\cdots m_{n}^{k_{n}}}$ $(|t|<1)$ .
$t=1$ $\mathrm{k}$ $L_{\mathrm{k}}(t)$ 1
$k,$ $n,$ $s$
$G(k, n, s;t)= \sum_{\mathrm{k}\in I(k,n,s)}L_{\mathrm{k}}(t)$
( $G$ ($0,0,0$;t)=l $k\geq n+s$ $n\geq s\geq 0$
$G$ ( $k,$ $n,$ $s$ ;t)=0) [
$G_{0}(k, n, s;t)= \sum_{\mathrm{k}\in I_{0}(k,n,s)}L_{\mathrm{k}}(t)$
$\text{ }$
$\Phi=\Phi(x, y, z;t)$ $\Phi_{0}=\Phi_{0}(x, y, z;t)$
$\Phi=\sum_{k,n,s\geq 0}G(k, n, s;t)x^{k-n-s}y^{n-s}z^{s}=1+L_{1}(t)y+L_{1,1}(t)y^{2}+\cdots$
$\Phi_{0}=\sum_{k,n,s\geq 0}G_{0}(k, n, s;t)x^{k-n-s}y^{n-s_{Z}s-1}=L_{2}(t)+L_{1,2}(t)y+L_{3}(t)x+\cdots$ .
39
$L_{\mathrm{k}}(t)$
-ddt Lkl’... (t) $=t^{-1}$ Lklr..tk -l,k -l(t)if $k_{n}\geq 2$ ,
$=(1-t)^{-1}$ Lkl@*oe)k -l(t)if $k_{n}=1$
$\frac{d}{dt}G_{0}(k, n, s;t)=\frac{1}{t}(G(k-1,n, s-1;t)-G_{0}(k-1, n, s-1;t)+G_{0}(k-1,n, s;t))$ ,
$\frac{d}{dt}(G(k,n, s;t)-G_{0}(k, n, s;t))=\frac{1}{1-t}G(k-1,n-1, s;t)$ ,
$\frac{d\Phi_{0}}{dt}=\frac{1}{yt}(\Phi-1-z\Phi_{0})+\frac{x}{t}\Phi_{0}$ , $\frac{d}{dt}(\Phi-z\Phi_{0})=\frac{y}{1-t}\Phi$ .
$\Phi$ $\Phi_{0}$
$t(1-t) \frac{d^{2}\Phi_{0}}{dt^{2}}+((1-x)(1-t)-yt)\frac{d\Phi_{0}}{dt}+(xy-z)\Phi_{0}=1$
$t=0$ Gauss $F(a, b;c;x)$
$\Phi_{0}(x, y, z;1)=\frac{1}{xy-z}(1-F(\alpha-x, \beta-x;1-x;t))$ ,
( $\alpha+\beta=x+y,$ $\alpha\beta=z$ ) $t=1$ Gauss $F(a, b;c;1)$
$1-(xy-z) \Phi_{0}(x,y,z;1)=F(\alpha-x,\beta-x;1-x;1)=\frac{\Gamma(1-x)\Gamma(1-y)}{\Gamma(1-\alpha)\Gamma(1-\beta)}$ ,
$\Gamma(1-x)=\exp(\gamma x+\sum_{n\geq 2}\zeta(n)\frac{x^{n}}{n})$
.
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